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On the theorem of Rubinstein
Radoš Bakić
Abstract
Let f(z) =
∑k=n
k=0
(
n
k
)
akz
k and r(z) =
∑k=n
k=n−p+1 ǫk
(
n
k
)
akz
k, with |ǫk| ≤ 1 and p < n − 2.
Rubinstein proved the following theorem: if all zeros of f(z) are in the region |z| > R, then all
zeros of f(z) + r(z) are in the region |z| > R
p+1
. We give a new proof of this theorem that is
more direct then the original proof. We prove that above theorem is also true under condition
|ǫk| ≤
n
e2(p−1)
and 1 < p ≤ n+ 1.
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Let h1(z) =
∑k=n
k=0
(
n
k
)
akz
k, and h2(z) =
∑k=n
k=0
(
n
k
)
bkz
k be two complex polynomials of degree
n. Suppose also that their zeros are in the regions |z| > r1, and |z| > r2 respectively (r1r2 6= 0).
Then well-known theorem of Szegö [2] implies that zeros of their composite polynomial h(z) =∑k=n
k=0
(
n
k
)
akbkz
k are in the region |z| > r1r2. Let us note this is also true if degree of h2(z) is k < n.
In that case polynomials g1(z) = z
nh1(
1
z
) and g2(z) = z
nh2(
1
z
) are both of degree n and have zeros
in the region |z| < 1
r1
, and |z| < 1
r2
respectively. Then, again by the theorem of Szegö, zeros of the
composite polynomial of g1(z) and g2(z) are in the region |z| < 1r1r2 , implying that zeros of h(z)
are in the region |z| > r1r2, as required. We shall use that fact in the further text.
As we said in the abstract, our main result is:
Theorem 1. Let f(z) =
∑k=n
k=0
(
n
k
)
akz
k be a complex polynomial of degree n such that all zeros are
in the region |z| > R. Let also r(z) =∑k=nk=n−p+1 ǫk(nk)akzk with |ǫk| ≤ 1 and p < n− 2. Then, all
zeros of f1(z) = f(z) + r(z) are in the region |z| > Rp+1 .
We shall now give a more direct proof of it. Case p = 1 follows from the next lemma. Let us
note that this lemma can be considered as a generalization of Corollary 1 of [4].
Lemma 1. Suppose that f(z) =
∑k=n
k=0
(
n
k
)
akz
k has all zeros in the region |z| > R. Then f1(z) =
f(z) + ǫanz
n has all zeros in the region |z| > R
n
√
|ǫ|+1
.
Proof: By the well-known Coincidence theorem we have that f(a) = an(a − c)n, for some
complex c depending on a, with |c| > R. If a is zero of f1(z), then from
0 = f1(a) = f(a) + ǫana
n = an(a− c)n + ǫanan
follows easily that |a| > R
n
√
|ǫ|+1
, which proves the lemma.
Let us now assume that p > 1. We shall use the following inequality, due to Biernacki [3]:
1
1 +
(
n
1
)
(p+ 1) + · · ·+
(
n
p− 1
)
(p+ 1)p−1 < pn, (1)
for 1 < p < n− 2.
Proof of the Theorem 1: Due to the Composition theorem of Szegö (and our preliminary
remarks) we can assume that in fact f(z) = (1 + z)n, even if the degree of f1(z) is less than n.
So, we have to prove that zeros of the polynomial f1(z) = (1 + z)
n +
∑k=n
k=n−p+1
(
n
k
)
ǫkz
k, |ǫk| ≤ 1,
are all in the region |z| > 1
p+1 . Suppose that it is not true. Then exist b, such that f1(b) = 0, and
|b| ≤ 1
p+1 . From f1(b) = 0 it follows that
(1 + b)n = −
k=n∑
k=n−p+1
(
n
k
)
ǫkb
k.
Since |1 + b| ≥ 1− |b| ≥ 1− 1
p+1 =
p
p+1 , we conclude that
(
p
1 + p
)n
≤ |1 + b|n =
∣∣∣∣∣∣
k=n∑
k=n−p+1
(
n
k
)
ǫkb
k
∣∣∣∣∣∣ ≤
k=n∑
k=n−p+1
(
n
k
)(
1
p+ 1
)k
,
i.e. pn ≤∑k=p−1k=0 (nk)(p+ 1)k. This is a contradiction with (1), and so the theorem is proved.
In the original statement of Theorem 1 in [1], case n = p− 2 is also included, but with incorrect
proof. Proof of that case was based on the following inequality
(
q + 2
q − 1
)
(q + 2)q−3 < qq+2, for q ≥ 2
which is false. In order to verify it, set n = q + 2. Than we can rewrite our inequality into the
following form
(
n
3
)
n3
<
(
1− 2
n
)n
, n ≥ 4.
Taking limits on both sides we obtain
1
6
≤ 1
e2
which is a contradiction.
For our next considerations we need the following lemma.
Lemma 2. The following inequalities hold:
1. n
e2(p−1)
(
n
p−1
)
(2 + p)p−1 < pn, for 1 < p ≤ n, 3 ≤ n,
2.
(
1 +
(
n
1
)
(p+ 1) + · · ·+ ( n
p−1
)
(p+ 1)p−1
)
n
e2(p−1) < p
n, for 1 < p ≤ n+ 1, 1 ≤ n.
2
Proof:
1. Let f(n, p) =
n( n
p−1
)(2+p)p−1
e2(p−1)pn . Then we have
f(n, p)
f(n+ 1, p)
=
np(n− p+ 2)
(n+ 1)2
Condition f(n,p)
f(n+1,p) > 1 is equivalent to n(n− (p− 1))(p− 1) > n+1 and this is true, because
at least one bracket on the left-hand side is greater than 1. Hence, f(n, p) is decreasing on n
and in order to prove our inequality it is enough to prove that f(n, n+ 1) < 1, i.e.
(1 +
2
n+ 1
)n+1 < e2(1 +
2
n+ 1
)
which is obviously true, because (1 + 2
n+1 )
n+1 < e2.
2. Case n = p = 2 can be verified directly, and if p = n+1 then our inequality is again equivalent
to (1 + 2
n+1 )
n+1 < e2(1 + 2
n+1 ), as we had above. That means we can assume that 3 ≤ n and
1 < p ≤ n+ 1. In [3] Biernacki proved that
1 +
(
n
1
)
(p+ 1) + · · ·+
(
n
p− 1
)
(p+ 1)p−1 <
(
n
p− 1
)
(p+ 2)p−1
for 1 < p.
So, in order to prove our inequality it is sufficient to prove that
n
e2(p− 1)
(
n
p− 1
)
(2 + p)p−1 < pn
and this is already proved in 1.
Our approach enables us also to obtain another theorem which is of the similar type as Theorem 1.
Theorem 2. Let f(z) =
∑k=n
k=0
(
n
k
)
akz
k be a complex polynomial of degree n, such that all zeros are
in the region |z| > R. Let also r(z) =∑k=nk=n−p+1 ǫk(nk)akzk, with |ǫk| ≤ ne2(p−1) and 1 < p ≤ n+ 1.
Then zeros of f1(z) = f(z) + r(z) are all in the region |z| > Rp+1 .
Proof: Suppose that theorem is not true. Then exist b, such that f1(b) = 0, and |b| ≤ 1p+1 .
Using exactly same derivation as in the Theorem 1 we obtain that
pn ≤
k=p−1∑
k=0
(
n
k
)
(p+ 1)k
n
e2(p− 1) .
This is a contradiction with Lemma 2(part 2), therefore the theorem is proved.
Let us note that Theorem 2 together with Lemma 1, enables us to change all coefficients of the
polynomial, which is not the case with Theorem 1.
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